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I ntroduction

Throughout this papdrdenotes an arbitrary complete modular boundeddattith smallest element
and greatest element 1. A subSeff a latticeL is called a sublattice if it is closed under thermionsA and
V. A quotient sublatticé/a for a < b represents the sublatti€e € L | a < x < b} (see [3]). An elemert
is called small inL and denoted ba < L if avb # 1 holds for everyb # 1. An elemenic is called a
supplement ofb in L if it is minimal relative to the property vc = 1, equivalentlybvc = 1 and
bAc < c/0. A lattice L is called supplemented if each elemenL has a supplement iL (see [1]). An
elementc of a latticeL is called compact if for every sub<X of L andc < V X there is a finite subset
F < X such that <V F. A lattice is called compact if the element 1aesnpact. An elemera of a latticeL
is called cdinite if the quotient sublatticl/a is compact. A latticd. is called cfinitely supplemented if
every cofinite element df has a supplement L. An element € L is called a complement a if aAb =
0 anda Vv b = 1. A latticel is called compactly generated if each elemell is a join of compact elemer
(see [8]). A subset of a latticeL is called an ideal it if I is closed under join anx Ay € I for every
x € I andy € L. An elementn € L is called maximal irL if there is no element greater tkm. In a lattice
L the meet of all the maximal elements different fronm L is cdled the radical of L, denoted kr(L). An
elementa in a latticel is called an atom if there is no elemb € L such thal < b < a. The join of all
atoms ofL, denoted by (L), is called the socle of a latti (see [3]) A function f:L — L between two
lattices L and L is called homomorphism if (a Ab) = f(a) A f(b) and f(aV b) = f(a) v f(b) for all
a,b € L. A {0,1} —homomorphism is a homomorphism such f(0) = 0 andf (1) = 1.

Rad-supplemented lattices and soc-supplemented lattices
LetL be a lattice. Theh is a rarsupplemented (dually s@upplemeented) lattice if for aia € L, there

existsb € L suchthat vb = 1andanb <r(®/y) (anb <s®/y) ).
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In compactly generated latticegl) is the join of all small elements @éf and as the set of all small
elements form an ideal, so supplemented latticdgaatsupplemented lattices are equivalent (sge [8]
Lemma2.1. Let L be a compactly generated lattice and L. Thens(L) Aa = s(a/o).

Proof. Lets(L) = V;¢;s; and s(a/o) = V,e;a; Wheres;, a; are atoms of, and a/o respectively. Then
_ a; s; = aj for some j
s(L)Na =Vig;s; Na= Ve (s; Aa). Sinces; Aa = {0 5 # a; otherwise
So,s(L) Aa = s(%/p).
From the above lemma, we hava b < s(b/o) =s(L)Ab <s(L) andaAb < s(L) impliesanb <

s(L)YAD = s(b/o). Hence we can restate the conditiam b < s(b/o) in the definition of soc-
supplemented lattice byA b < s(L).
Lemma 2.2. If s is a nonzero atom ib, thens v a is an atom iril/a, for alla € L.

sva N

Proof. IfsVv a # a, thenT =] = % Hences v a is an atom iril/a.

We conclude from the above lemma that for lattice L anda € L, s(L) Va = s(l/a). Now, by using
this fact we obtain the following proposition.

Proposition 2.3. If L is a soc-supplemented lattice, then for every efdm, the quotient sublatticé/a is
also soc-supplemented lattice.

Proof. Letb € % Then there exists a soc-supplement elemeot b in L, that isxvb =1 andx Ab <
s(L). It is clear that(avx)vb=1. Now (avx)Ab=aV(xAb)<aVs(L)=aV(Vx;) =V
(avx) =s(/q).

Lemma 24. Let 1/a be a soc-supplemented sublattice of a latlic&ith a < s(L). ThenL is a soc-
supplemented lattice.

Proof. For allx € L, xVa € 1/, , so there existy € 1/, such thatxva) vy =1 andy A (x Vv a) <
s(1/q). Sincea<y, xvy=xv(avy)=1. ThenaA(xAy)<a <s(L) implies thatL is a soc-
supplemented lattice.

In the module theory, every semisimple modsikoc-supplemented. The same is true for lattices.

Lemma 2.5. Let L be a lattice and(L) =V s;. ThenS(L)/O is a soc-supplemented lattice.

Proof. For alla € S(L)/O, if a is an atom, then there exig#ts=Vv ., s; such tha v b = s(L) andaAb <
s(L) = s(%
aVb=s(L)andaAb < s(L) = s(

. If a is not an atom, then there exidts=v; .. s; wherec is an atom ina/o such that
20)
5 )

Proposition 2.6. Let a be a soc-supplement of an element in a soc-suplie latticd.. Thena/0 is a soc-
supplemented lattice.

Proof. Leta be a soc-supplement bfin L, soavb =1 andaAb < s(a/o). By Proposition 2.3,1/b is a
a_vb
b

a/o is a soc-supplemented lattice.
Proposition 2.7. Let a be a soc-supplement elementboh L ands < s(L). Thena is a soc-supplement of
bVsinL.

Proof. By assumption, we havevbh =1 andaAb < s(L). Clearly,av(bvs)=1andaA(bVs) =
(anb)Vv(ans) <s(L)vs=s(L).

soc-supplemented lattice and;lj% = ﬁ is a soc-supplemented lattice. Hence by Lemmav&have

206



JZS(2016) 18-4 - (Part-A)

Proposition 2.8. Let a andb be two elements of a soc-supplemented laftiegth a Vv b = 1. Thena has a
soc-supplement in L with x < b.
Proof. Sincex A b in L andL is a soc-supplemented lattice, there existsL such thata Ab) vc =1 and
aAbAc<s(L).Notethab =bAl=bA[(aAb)Vc]=(aAb)V (bAc),
l=avb=aVv[(@aAb)V(bAc)l=aV (bAc).Thereforex = b Ac is a soc-supplement afin L.
Lemma 2.9. Let a be inL such thafl/b is soc-supplemented for sorhes L with s(l/b) <s(L).IfkinL
such that Vv k has a soc-supplementedLinthenk also has a soc-supplement.in
Proof. By assumptiona vV k has a soc-supplementoin L. Thatis(avVk)vx=1and(aVk)Ax <
s(L). We consider two cases. First suppose that(kVvx) <b <s(L). Then (avx)Ak < (a A
(kv x)) V((xA(aVk)) <s(L). Note thatlavx)Vk =1, aVx is a soc-supplement &f in L. On the
other hand, itz A (k V x) £ b, then we may choose a soc-supplemenf b vV [a A (k V x)] in a/b' Hence
a=yviaAkvx)] and y A[bV (an(kvx))] <s(@/) <s(l/p) <s@) and soyA(kvx) <yA
[bv(kvx)l=yA[bV(an(kvx))]<s(L). Hencel=aVvxVk=[yv(aA(kvx)]V(xVk)=yV
xVk and GVOANRkSYARVEAR)S[yAKRV)IVIXAQGVE)]<[yAkVX)]VI[xA
(avk)] <s(L).

The following theorem shows that the join afot soc-supplemented sublattices of a lattice is soc
supplemented.

Theorem 2.10. Let a; anda, be two elements in a lattidesuch thatr, va, =1 andal/o, aZ/O are soc-

supplemented lattices. Théris soc-supplemented lattice.
Proof. For anys in L, we havea, V (a, V x) = 1. Since0 is a soc-supplemented of v (a, V x) in L, by
Lemma 2.9a, V x has a soc-supplementlin Applying Lemma 2.9 again we obtain a soc-supplerfa x.

Theorem 2.11. Let a/o andl/a be soc-supplemented sublattices of a lattie@da has a soc-supplement in
L. ThenL is soc-supplemented lattice.

Proof. Letb be the soc-supplemented @fin L. Thenavb =1 andaAb < s(L). As a/O is a soc-
supplemented?/a/\b is soc-supplemented sublattice ‘%yfo by Proposition 2.3. Also, sinc@/a/\b =

avb/ =1/ b/a/\b is soc-supplemented quotient sublatticeldg. Now, 1/ = = avb AnDb S

[a/a A b] v [b/a A b] is soc-supplemented by Theorem 2.10. Hdnizsesoc-supplemented lattice by Lemma

2.4.
A latticeL is called complemented if every elementf L is a complement of an eleménin L, that is
avb=1 andaAb =0 for someb in L. It is clearly that ifl. is complemented lattice, the‘f}/o is

complemented for every elemenbf L (see [5]). An element of L is called essential if A b # 0 for every
nonzero element in L and denoted by < L. It is easy to see thatdf 2 L, then for every elemerdt of L,

anb = b/O (see [6] and [4, Exercise 4.5]). An elemeris said to be& —complement of an elemeatof L
if anb=0 andaVvb3L. A lattice L is said to beE —complemented if every element 6f has an
E —complement irL (see [7]).

Lemma 2.12. Let L be anE —complemented lattice and be an element of different form 0,1. If the
guotient sublatticé/a is complemented, then there exigtb, in L such thab; is complement ob,, b1/0
is complementedy < b2/0 andbz/a is complemented.

Proof. ByE —complementedness 6f we can find an element € L such thab; Aa =0 andb; Va 2 L.

As 1/a is complemented, there is a complemignof b, vV a in 1/a. Thenl = (b;Va)Vb, =b, Vb, and
0=b1Va=b1/\[(b1Va)/\b2]=b1/\[(b1/\b2)Va]=(b1/\b2)V(b1Va)=b1/\b2 AISO, S|nce
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1/, is complemented,bz/a and b1/0 = bl/(b1 Aa) = (by v a)/a are complemented. A%, va <L,

a=(byAb)Va=(bVa)Ab, =2/,
Lemma 2.13. Let L be anE —complemented lattice angl be an element of different from 0,1. The
guotient sublatticé/a is complemented if and only if for every eleméraf L, there exists an elememnin
Lsuchthabvc=1andbAc <a.
Proof. Let1/, be complemented andl in L. SincebVva in 1/, it has a complement in 1/,. Then
(bhc)va=(bVva)Ac=a.HencebAc<aandbVvc=(bva)Vvc=1.
Conversely, také in 1/a. Then there is an elemandf L withbvc=1andbAc <a. ThusbVv (cVa) =
bvc=1andbA(cva)=(bAc)Va=a and this means thatva is a complement ob in 1/a.
Thereforel/a is complemented.

A latticeL is called soc-complemented if the quotient suibla&/S(L) is complemented. Now, we use

the above two lemmas to give the following mairutes
Theorem 2.14. If L is anE —complemented soc-supplemented lattice, then tidscomplemented and there

are elements,, b, in L such thab, is a complement df, with b1/0 complemented ang(L) < bz/o.
Proof. Since. is a soc-supplemented, for alin L there existg in L such thab v c =1 andb Ac < s(L).
By takinga = s(L) in Lemma 2.13, we obtai?ﬁ/s(L) is complemented. Then by Lemma 2.12, there exist

by, b, in L such thab, is complement ob,, b1/0 is complemented and 3s¢QL) < bz/o.

Lemma 2.13, tells us that if a lattideis soc-complemented, then it is soc-supplemenagiice.
Therefore, this fact and theorem 2.14 together tiiedollowing corollary.

Corollary 2.15. Let L be anE —complemented lattice. Thdnis soc-supplemented if and only if it is soc-
complemented.

LetL andL be two lattices andl: L — L be a{0,1} —homomorphism. Since any homomorphism between
lattices preserves the operations join and meethawe f(s(L)) < s(f(L)). The following proposition
generalize [2, Proposition 2.15].

Proposition 2.16. Any {0,1} —homomorphic image of soc-supplemented lattice ¢gssspplemented.
Proof. Letf: L — L be an ontd0,1} —homomorphism and be soc-supplemented lattice. Bo€ L, there
existsa € L such thatx = f(a) and asL is soc-supplemented, there exist€ L with avb =1 and
aAb<s(L). Now, 1=f(1)=f(avb)=f(a)Vf(b)=xVfb) and xAf(b)=f(a)Af(b) =
flanb) < f(s(L)) < s(f(L)) = s(L). Hencef (b) is a soc-supplement af in L and thereford. is soc-
supplemented lattice.

3. Cofinitely soc-supplemented lattices

A latticeL is called cofinitely soc-supplemented lattice €y css-lattice) if every cofinite element bf
has a soc-supplementinNow, we have the following lemma.

Lemma 3.1. Let L be a compactly generated lattice anlde a cofinite element @f. If b is a soc-supplement
of a in L, thena has a soc-supplementn L such thaix < b andx is compact.

Proof. AsL is compactly generated,= V;¢;s; where eaclr; is compact. Thug =aVvb =aV Vs =
VieraVvs;. Sincel/a is compact,l = V;cs(a Vv s;) for some finite subsef of I. Then by [4, Proposition
2.1],x = Vs s; is compact and hence it is soc-supplemeit of

Proposition 3.2. Let L be css-lattice. Then for every atanof L, 1/a is a css-sublattice @f.
Proof. Letb be a cofinite element df/a. Thenl/b is compact sublattice ih/a, sol/b is compact quotient
sublattice inL. This implies thab is a cofinite element df. As L is css-latticeb has a soc-supplementin
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L, that is,bvx=1 and bAx <s(L). Then by Lemma 22pA(xVvVa)=(bAx)Va<s(L)Va=
s(1/4) and hencd/, is css-lattice.

Now, we are going to prove that a lattices css-lattice if and only if every maximal elerhen L has
soc-supplement. This result was proved for css-hesdn [2]. First, we have the following lemma.
Lemma 3.3. Let a andb be elements af such thab is a soc-supplement of a maximal elemanof L. If
a Vv b has a soc-supplementedlinthena has a soc-supplementin
Proof. Letc be a soc-supplement efvb in L. If bA(avc)<bAm<s(L), thenbvc is a soc-
supplement ofa, because(bvc)Aa<[bA(aVc)]V[cA(aVvb)] <s(L). Let bA(aVc)£bAm.

. b bvm 1
Since— = —=
bAm

= b Am is maximal element cf?/o. Thus(bAm)V[bA(aVc)]=b.HenceaAc <

(avb)Ac<s(L) andl=cvaVb=cvaVv(bAm)V[bA(aVc)]=cVa, which means that is a
soc-supplement af in L. Therefore in both cases there is a soc-suppleaienin L.

Letl’ be the set of all elementsof L such thab is a soc-supplement of some maximal elemetit afid
let css(L) denote the join of all elements Iof
Theorem 3.4. A lattice L is a css-lattice if and only if every maximal elarhofl has a soc-supplement.
Proof. The proof of one side comes from fact thvairg maximal element is cofinite. For the otheresisince
in [4, Lemma 2.4] we have every non-zero compatittahas maximal element. The remain of the pieof
analogous to the proof of [2, Theorem 2.15].

Using the above theorem we prove that an arbitj@iry of css-lattices is css-lattice (see [2, Thaore
2.12)).

Theorem 3.5. Let {ai/o},EI be a collection of css-sublatticeslofvith 1 =V;¢; a;. ThenL is a css-lattice.
14

Proof. Suppose: is a maximal element @f. If a; < m, for alli € I, thenl =V;¢; a; £ m, som = 1 which

is a contradiction. Hence there exibte I such thaty, £ m and1 = a; v m. As—— = % = % a; Am
k

is maximal inak/o. Let ¢ be soc-supplement ofy, Am in ak/o. If c <m, thena, = (ap Am)Vc<m
which is a contradiction. Henee< m and sol =mvVvc andmAc=mAa, Ac <s(L). Thusc is soc-

supplement ofn in L and by Theorem 3.4, is css-lattice.
We use theorem 3.4 to prove the following ltesu
Theorem 3.6. Leta € L such thatl/a has no maximal element aﬂyio be css-sublattice df. ThenL is
also css-lattice.
Proof. Letm be a maximal element & If a < m, thenm is a maximal element 6f/a, but 1/a has no

Vv 1 . .
2~ I — aAm is a maximal element of/,

a\m m
and therefore a cofinite element ‘b/fo. So there is a soc-supplemendf a Am in a/o, that meanga A
m)Vc=a and(@Am)Vec<s(?y). Ascin?/y,cAm=cA(arm)<s(?/y) <s(L) andcvm =

cV(aAnm)vm=aVm=1. Hencec is a soc-supplement éfin L and by Theorem 3.4, is css-lattice.

maximal element. Sa « m. Thusavm = 1. Since

Lemma 3.7. Suppose that is a cofinite element of a compactly generatedattise such thal?/o has small
socle for every compasétin L. If a has a soc-supplemenin L, thena has compact supplementlin

Proof. Leta be cofinite element ir.. Then 1/a is compact and by Lemma 3.4,has a compact soc-
supplement in L with ¢ < b, that isaVvc =1 anda A c < s(¢/). Sinces(¢/y) < ¢/, ¢ is a compact
supplement oft in L.

Finally, we give conditions under which cskit® and cofinitely supplemented lattices are eajent.
Theorem 3.8. Let L be compactly generated lattice with the propetnit ?/0 has small socle, for every
compact element in L and every small element is a join of atom elemertienL is css-lattice if and only
if L is cofinitely supplemented.

Proof. Leta be cofinite element aof. SinceL is css-latticea has a soc-supplemehtin L and by Lemma
3.7, a has compact supplement. Thlugs cofinitely supplemented. Now, If is cofinitely supplemented
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lattice, then for all cofinite element of L, there exist® in L such thatvb =1 anda A b K b/o and by

hypothesisa A b < s(b/o). Hencel is css-lattice.
Corollary 3.9. Let L be a compact lattice such th;e(fl/o) & a/o for every compact elementin L and

every small element of is a join of atom elements. Thdnhis soc-supplement if and only if it is
supplemented.
Proof. In compact latticg, every element is cofinite, so the proof immediatellows from Theorem 3.8.
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